An asymptotic theory is presented to describe the possible mechanism for the excitation and maintenance of torsional oscillations in rotating convective stars and planets. It is demonstrated analytically that the torsional oscillations can be excited and sustained by global thermal convection.
INTRODUCTION
Torsional oscillations represent a well-established phenomenon in the fluid regions of rotating convective stars and planets. For the Sun, surface Doppler measurements and helioseismology show that there are alternating azimuthal bands of faster and slower flows leading to a weak undulation of the solar differential rotation with a period of about 11 years near the solar surface (see, for instance, Howard & LaBonte 1980 , Ulrich et al. 1988 , and Zhao & Kosovichev 2004 . There also exists a much shorter period torsional oscillation with a period of about 1.3 years localized in the vicinity of the solar tachocline (Howe et al. 2000) . For the planet Earth, torsional oscillations in the fluid core are believed to be responsible for decadal variations in the Earth's gravity and in the length of day (Mound & Buffett 2005; Dumberry & Bloxham 2004 ).
An important question remaining to be answered is the mechanism for the excitation and maintenance of torsional oscillations in rotating convective stars and planets. While the 11 year period of the solar torsional oscillations points to a close association with the 22 year solar magnetic cycle, it is uncertain whether the torsional oscillations are forced by the solar magnetic activity or just represent temporal variations in the solar convection that generates the solar magnetic fields (Gilman 2000; Spruit 2003) . Ulrich (2001) made an interesting suggestion that the torsional oscillation is the (m is the m p 0 azimuthal wavenumber of an inertial mode) component of a hierarchy of the low-frequency inertial oscillation modes. Gilman (1987) asked a fundamental question: how do inertial oscillation modes differ from global convection? With the Coriolis forces providing the restoring force and with the thermal effect supplying the restoring energy, global convection would be an ideal candidate for exciting and sustaining the oscillations in rotating convective stars and planets.
It is worth mentioning that there are two different types of inertial oscillation modes in rotating systems (Greenspan 1968) . The first is a nonaxisymmetric traveling wave propagating either eastward or westward (see, for instance, Gilman 1987 and Busse et al. 2005) , which can be written in the form
x where is the azimuthal component of the flow, c is the phase u x speed of the traveling wave, x denotes the local azimuthal coordinate, z denotes the radial coordinate, and y denotes the latitudinal coordinate. Note that the azimuthal flow remains u x constant in the azimuthally drifting frame of the wave. The second type is an axisymmetric oscillation (Guenther & Gilman 1985) and can be written in the form
x At a given latitude, the axisymmetric azimuthal flow in u x equation (2) changes its size and direction periodically, which may result in a weak undulation of the solar differential rotation and of the angular momentum of the Earth's fluid core. It should be noted that the low-frequency inertial oscillations correspond to the temporal variations having a period much longer than the period of rotation.
The nonaxisymmetric wave is similar to the planetary waves of the Earth's atmosphere (Provost et al. 1981; Wolff & Blizard 1986) . It is well known that the Rossby-type azimuthally traveling waves (eq. [1]) can be readily excited in rotating convective systems (see, for instance, Busse 1970 , Davies-Jones & Gilman 1971 , Zhang 1994 , and Jones et al. 2003 . However, there exist no examples showing that the torsional (axisymmetric, ) oscillation in the form of equation (2) can be m p 0 excited and sustained by thermal convection in rotating (small Ekman number) systems. This Letter demonstrates analytically, for the first time, that the torsional oscillations in the form of equation (2) can be excited and maintained by ordinary thermal convection in rotating systems.
MATHEMATICAL EQUATIONS
In order to illustrate the mechanism and make analytical progress, we adopt an annular model first studied by DaviesJones & Gilman (1971) and Gilman (1973) : a Boussinesq fluid with constant thermal diffusivity k, thermal expansion coefficient a, and kinematic viscosity n in an annular channel of depth d with vertical (radial) coordinate z, inward horizonal (latitudinal) coordinate y, and azimuthal coordinate x, rotating uniformly with a constant angular velocity in the presencê zQ of gravity , where is a vertical unit vector parallel to thêϪgz z axis of rotation. The effect of the compressibility will be discussed in § 4, and the effect of the annular curvature is neglected. The aspect ratio, the width to depth of the channel, is denoted by G. The channel is heated from below to maintain a higher temperature at the bottom boundary , with b z p 0 denoting the vertical temperature gradient. The linear problem
of the oscillations is governed by the following three equations:
where t is time, r is the fluid density, V represents the deviation of the temperature from its static distribution, p is the total pressure, and is the three-dimensional velocity field u u p with the corresponding unit vectors . Wêˆ (u , u , u ) ( x, y, z) bd Q/k the system; the three nondimensional parameters, the Rayleigh number R, the Prandtl number , and the Ekman number E, P r are defined as
Both the Prandtl number and the Ekman number E are be-P r lieved to be small in the solar convection zone as well as in the Earth's core (Ossendrijver 2003) . We shall focus on the asymptotic analysis with and . For the simplicity
of mathematical analysis, we assume the stress-free conditions on the bounding surface. As in many convection problems, we also assume the perfectly conducting condition on the top and bottom and the insulating condition on the sidewalls.
EXCITATION OF TORSIONAL OSCILLATIONS
The primary purpose of our analysis is to demonstrate that the torsional oscillations in the form of equation (2) can be excited and sustained by thermal convection. A key assumption in the following asymptotic analysis is that, as suggested by Gilman (1987) , the oscillations are part of the global convection in which buoyancy forces drive them against the weak effect of viscous damping. This leads to an asymptotic expansion in the form boundary-layer perturbations. Note that the nondissipative oscillation generally does not satisfy any physical boundary u 0 conditions, such as the stress-free condition.
Substituting this expansion (eq.
[6]) into equations (3)- (5), the zeroth order of the perturbation problem is given by (7) and (8), can be written in the real form
where, after taking , which is usually physically relevant, n p 1 we have
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It is the simplicity of the leading-order solution (eqs.
[9]- [12] ) that allows us to solve the higher order problem in closed form, involving the maintenance of the oscillations against the viscous damping by convection. The next order problem is governed by the equations
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We should mention two important features in equations (13) 
We can then derive the solvability condition for equation (13), which is a complex equation. The real part of the solvability condition yields the analytical expression for the Rayleigh number ,
The imaginary part, which is used to calculate the viscous modification of the oscillation frequency, gives rise to
The seven expressions, equations (9)- (12) and equations (16)- (18), represent the analytical solution, in closed form, of equations (3)-(5) describing the torsional oscillations excited and maintained by ordinary thermal convection. To ensure that the torsional oscillations given by equations (9)- (12) indeed represent the physical solution of the rotating convective system, we must carry out two more further analyses. First, because the physically realizable solution corresponds to the smallest Rayleigh number , we have to show that the traveling R 0 wave modes ( ) require larger Rayleigh numbers to exm ( 0 R 0 cite; i.e., for any given . We proceed to perform ѨR /Ѩm 1 0 m 1 0 0 a similar asymptotic analysis for the three-dimensional traveling waves in the form of equation (1), the details of which are too lengthy to be spelled out in this Letter. It should be mentioned, however, that an asymptotic solution in closed form cannot be obtained for the three-dimensional wave problem. The asymptotic analysis shows that there exists a range of the Prandtl numbers and Ekman numbers in that the torsional-oscillation solution (eqs.
[9]-[12]) represents the only physical solution of the rotating convective system. Figure 1 depicts the dependence of the Rayleigh number and oscillation frequency j as a function of the azi-R 0 muthal wavenumber m at a fixed ratio , revealing that E/P p 0.1 r the Rayleigh number reaches the only minimum at for R m p 0 0 the azimuthal wavenumbers . Second, we must eliminate m ≥ 0 the possibility that the assumption (eq. [6]) in the asymptotic analysis may exclude the physical solutions having smaller values of . This means that we have to carry out a fully numerical R 0 analysis of the exact same problem without making any assumptions about the nature of the solutions. In the fully numerical analysis, we express the general velocity as a sum of poloidal u (F) and toroidal (W) vectors. In the case of an axisymmetric oscillation, we expandˆû
x while in the case of a nonaxisymmetric azimuthally traveling wave, we expressˆû
It is found that the fully numerical solutions are in excellent quantitative agreement with the analytical solutions. Several typical examples, with both the analytical and fully numerical solutions, are presented in Table 1 , showing that the torsional oscillation (eqs.
[9]-[12]) represents the most unstable mode of the rotating convective system governed by equations (3)-(5).
SOME REMARKS
We have neglected the effect of compressibility in the asymptotic analysis. However, it should be pointed out that the problem of inertial oscillations in rotating compressible fluids can be formulated in a similar way under the anelastic approximation. This is because we can rewrite the equations for the velocity vector of inertial oscillations under the anelastiĉ u approximation in the form
Ѩt with on the bounding surface, where representŝ n · u p 0 r 0 the density distribution depending on z only. The relationship between the oscillation solutions in the Boussinesq and compressible fluids is then given by
where is given by equations (9)-(11). In the solar convecu 0 tion, the amplitude of the oscillation would decrease with increasing depth because of the density profile in the solar r (z) 0 interior. Of course, the precise value of the Rayleigh number and the temperature profile in a compressible fluid would be modified.
The analytical result in this Letter represents the first example in rotating (small Ekman number) convective systems in that the torsional oscillation mode can be excited and sustained by ordinary thermal convection. Our asymptotic analysis reinforces the suggestion made by Ulrich (2001) and Spruit (2003) that the solar torsional oscillations at leading order represent a hydrodynamic phenomenon because the oscillating flow is already present when no magnetic active regions are present.
Our asymptotic theory is similar to Spruit's theory (Spruit 2003) in a number of ways. Spruit assumed that the balance in the solar torsional oscillations is geostrophic (without in the equation of motion), while our model is intrinsically Ѩu/Ѩt time-dependent, including the term in the equation. The Ѩu/Ѩt solar torsional oscillation in Spruit's model is forced by the thermal effects that result from the influence of small-scale magnetic fields on their surroundings in the vicinity of the solar surface, while the oscillations in our model are excited and maintained by ordinary thermal convection. Locally speaking, the oscillation mode propagates in the latitudinal dim p 0 rection (y-direction), with the frequency correq p O(0.1) 0 sponding to a period of about 6 years. It should be pointed out, however, that the size of the oscillation frequency is strongly dependent on the angle between the rotation and gravity vectors in the model, which is zero in the present analysis. If the angle increases to , the oscillation frequency would p/2 approach zero as a consequence of the exact geostrophic balance in the fluid motions. In the case of the solar oscillation, it is more appropriate to choose a moderate angle between zero and . But, in this case, the separation of variables becomes p/2 impossible, and an analytical solution to the problem cannot be obtained. With regard to testing whether the solar torsional oscillations are of hydrodynamic origin, a useful way, according to the result of our analysis, is to look at the phase relation between the azimuthal and radial flows: they should be out of the phase; i.e., the maximum amplitude of the azimuthal flow at an instant of the oscillation corresponds to the minimum radial flow. X. L. is supported by an NSFC grant, and K. Z. is supported by UK PPARC, NERC, and Leverhulme grants. We acknowledge helpful comments from two reviewers. The numerical computation is supported by the SSC.
